We have calculated the analytic expression of GME for arbitrary superposition of two N-qubit W states and two GHZ states. We have also derived the GME for a generic class of states, which is not permutation invariant and of M copies of a pure state. A nice comparison between GHZ and W states w.r.t. GME has been drawn.
Introduction
Quantum entanglement has emerged as a key resource for quantum computing, quantum communication and information related processes. Characterization and quantification of multipartite entanglement is an interesting challenging problem in the field of quantum information and computation. There are several approaches to deal with the issue and various measures have been proposed (see e.g. [1] , [2] for nice reviews). For multipartite pure states, a frequently used measure is the Geometric measure (GME) [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . GME is a distant measure and for an arbitrary pure state |ψ it is usually defined as GME(|ψ ) = 1 − Λ 2 ψ (1) where
The notion of GME has also been extended to mixed states through the convex-roof construction.
Another well-known measure, the Groverian measure of entanglement [13, 14, 15, 16, 17] is exactly the same as GME, up to a square operation. The Groverian measure originated from the modified quantum search algorithm and is defined through the success probability in the search using the given state as the initial state:
where
Through out this paper we will consider the definition (3) for GME. It is clear that analytic calculation of GME for arbitrary state is extremely difficult since it involves nonlinear maximization process. However, recently it has been shown [12] that if a pure state is permutation invariant, then the calculation of GME becomes greatly simplified. In this case, the optimal product state can be taken as tensor product of the same single system which drastically reduces the number of variables in the maximization process.
In this work, we shall present the analytic expressions for GME of some states which are not permutation invariant and so the result of [12] can not be applied directly. We shall also consider some interesting consequences regarding GME of pure states.
GME of arbitrary superposition of W and GHZ states
In this section we will consider the superposition of two N-qubit W as well as GHZ states.
GME of arbitrary superposition of two N-qubit W states
The GME of superposition of two 3-qubit W states has been presented in [6] . Although the generalization to N-qubit case is quite straightforward, still we wish to derive it for completeness and it will help us to compare with the case of GHZ states. [Interestingly, it is shown that the 4-qubit case is the easiest one (even more than the 3-qubit case) and an explicit formula of GME has been derived].
Let us consider an arbitrary superposition of the two N-qubit W states namely |W = 
We note that the LU transformation {|0 , |1 } → {|0 , e − iγ N−2 |1 } leads to an overall phase and hence the phase γ becomes redundant. So without loss of generality, we can assume γ = 0 and therefore
Since the state |W W is permutation invariant (with positive coefficients), we can assume the nearest product state as [12] 
The overlap is given by
where C = cos θ, S = sin θ and s = cos 2 α. The condition for maximum of Q (
and hence we have
where t = tan θ (> 0) will be determined from the polynomial equation (9) . We note that Eq. (9) has only one positive root for N = 3, 4 and has at most three positive roots for N ≥ 5. Hence the GME can be calculated using numerical techniques of root finding. Particularly, for N = 4, we have
which readily gives the expression for GME. The graph of GME vs. s for 4-qubit case is exactly analogous to the 3-qubit case [ Fig.- 1. in [6] ] and hence we are not reproducing it here. It is worth mentioning that if we consider the superposition of two other (LU equivalent) W states, the GME will not be the same.
GME of arbitrary superposition of two N-qubit GHZ states
The full orthonormal canonical set of N-qubit GHZ states is given by (up to an irrelevant global phase)
where |B N (i) = |i 1 i 2 . . . i N is the 'binary representation of the decimal number i in an N-bit string'. We note that we can also write (12) as
where i k = 0, 1 ∀k = 2(1)N and a bar over a bit value indicates its logical negation. Let us now consider an arbitrary superposition of two orthonormal GHZ states |G ± i and |G ± j (i = j) as follows
First of all we note that the state in (14) is not permutation invariant and hence the theorem in [12] is not applicable to it. Though apparently it looks that the phase γ can not be driven out, we will show that the GME is independent of γ.
To calculate the GME, we would like to write the state (14) in the following convenient form
where |ψ m is the collection of (qu)bits where the two strings |B N (i) and |B N (j) agree and |φ n is the collection where they disagree, m + n = N;
= ±c 3 . Noting that the right hand side of (15) can be written as |ψ m (c 1 |φ n + c 2 |φ n ) + |ψ m (c 3 |φ n + c 4 |φ n ), it follows that [18] P max (|G ij ) = max{
3. Comparison between GME of superposition of W and GHZ states
1. For N = 3, either m = 1, or n = 1 and hence
Thus for the three-qubit GHZ states, the GME of the superposition is independent of the superposition parameter α and the phase γ whereas for the W states, it is dependent on α. Of course, the GME of superposition of |G . 2. For N = 3, we note that by superposing two orthonormal W states, we can get the resultant entanglement equal to that of a GHZ state. For example, G(
(−|001 + ω 2 |010 − ω|100 ); ω being a complex cubic root of unity. If we consider the superposition of W and W , it follows from Fig-1 in [6] that we can choose a specific value of s to get G(|W W ) =
On the other hand we can not get the entanglement of a W state by superposing any two orthonormal GHZ states from the canonical set (12) 
However, for N = 4 the situation is different. By superposing two W states, we can get the entanglement of a GHZ state and vice-versa. For example, G(
(|0001 + |0010 +|0100 +|1000 ) and |W 2 = . For large N, the situation is somehow opposite to the 3-qubit case. Here we can always get the entanglement of a W state by superposing two GHZ state, but we don't know if the converse is also true. This requires further investigation. , γ = 0), the state |G ij is not invariant under permutation though for some |G ij , the optimal product state may still be permutation invariant. As an example, the state |G (|000 + |111 + |001 + |110 ), is not permutation invariant. But we can choose the nearest product state as (
⊗3 . This shows that the optimal product state may be permutation invariant even if the state itself is not permutation invariant.
GME for some classes of states which are not permutation invariant
In this section, we will consider some classes of (pure) states which are not permutation invariant and hence the result of [12] is not directly applicable.
The GME of M copies of a pure state
We note that for a generic N-qubit pure state |ψ N , the M copy of this state |ψ N ⊗M is, in general, not permutation invariant. From the definition, it follows that
where P 1 = P max (|ψ N ). Therefore,
The above expression shows that consideration of M copies does not alter the order of entanglement, e.g., for all M, the entanglement present in M copies of 3-qubit W state is more than that present in M copies of (3-qubit) GHZ states.
A more general situation
Another interesting point regarding the derivation of Eq. (18) is that if a pure state |ψ can be expressed as |ψ = n i=1 |ψ N i , where each |ψ N i is permutation invariant, then, in general |ψ is not permutation invariant, but we can choose the optimal product state as
This facilitates easy computation of GME for such |ψ . We also note that the entanglement in this case is given by
As an example, let us consider the state
Clearly, (21) is not permutation invariant. But we note that |ψ = |φ + ⊗ |ψ + with G(|φ
4.3. Additivity of GME for pure states We note that Eq. (20) is valid for any pure state |ψ = n i=1 |ψ N i . So, taking two pure states |ψ N 1 , |ψ N 2 and using the notation
where the equality occurs iff either of G 1 , G 2 is 0 or 1. Eq. (22) shows that GME for pure states is additive (in the sense that consideration of some additional state will increase the entanglement). This was reflected in the example given in (21). Also, it shows that although GME of a single 3-qubit GHZ state is less than that of a 3-qubit W state, the GME of two copies of GHZ state is more than the GME of a single 3-qubit W state.
Conclusion
In conclusion, we have derived the analytic expression of GME for some classes of pure states-some of which are not permutation invariant. We have shown by an example that the optimal product state corresponding to a not-permutation-invariant state may be permutation invariant. We also have derived the expression for GME of M copies of a pure state and shown that the GME of pure states is additive. We have drawn some interesting comparison between GME of W and GHZ states.
